Abstract. For certain elliptic curves E/Q with E(Q)[2] = Z/2Z, we prove a criterion for prime twists of E to have analytic rank 0 or 1, based on a mod 4 congruence of 2-adic logarithms of Heegner points. As an application, we prove new cases of Silverman's conjecture that there exists a positive proposition of prime twists of E of rank zero (resp. positive rank).
1. Introduction 1.1. Silverman's conjecture. Let E/Q be an elliptic curve. For a square-free integer d, we denote by E (d) /Q its quadratic twist by Q( √ d). Silverman made the following conjecture concerning the prime twists of E (see [OS98, p.653] , [Ono97, p.350] ).
Conjecture 1.1 (Silverman)
. Let E/Q be an elliptic curve. Then there exists a positive proportion of primes ℓ such that E (ℓ) or E (−ℓ) has rank r = 0 (resp. r > 0). Remark 1.2. Conjecture 1.1 is known for the congruent number curve E : y 2 = x 3 − x. In fact, E (ℓ) has rank r = 0 if ℓ ≡ 3 (mod 8) and r = 1 if ℓ ≡ 5, 7 (mod 8). This follows from classical 2-descent for r = 0 and Birch [Bir70] and Monsky [Mon90] for r = 1 (see also [Ste75] ). In our recent work [KL16, Thm. 3 .3], we have proved Conjecture 1.1 (for both r = 0 and r = 1) for a wide class of elliptic curves with E(Q)[2] = 0. The goal of this short note is to extend our method to certain elliptic curves with E(Q)[2] ∼ = Z/2Z.
Main results.
Let E/Q be an elliptic curve of conductor N . We will use K to denote an imaginary quadratic field satisfying the Heegner hypothesis for N : each prime factor ℓ of N is split in K.
We denote by P ∈ E(K) the corresponding Heegner point, defined up to sign and torsion with respect to a fixed modular parametrization π E :
be the normalized newform associated to E. Let ω E ∈ Ω 1 E/Q := H 0 (E/Q, Ω 1 ) such that π We denote by log ω E the formal logarithm associated to ω E .
Our main result is the following criterion for prime twists of E of analytic (and hence algebraic) rank 0 or 1. 
Let S be the set of primes
Let N be the set of signed primes
Then for any d ∈ N , we have the analytic rank r an (E (d) /K) = 1. In particular,
where
Remark 1.5. Recall that |Ẽ ns (F ℓ )| denotes the number of F ℓ -points of the nonsingular part of the mod ℓ reduction of E, which is |E(
Remark 1.6. The assumption on Heegner points in Theorem 1.4 forces r an (E/Q) ≤ 1.
As a consequence, we deduce the following cases of Silverman's conjecture. 
. For the congruence to be nontrivial on both sides, one needs the extra factor |E(F ℓ )| appearing in the formula to be odd for ℓ|d. This is only possible when By Theorem 1.4, we have r an (E (±ℓ) /K) = 1, for any ℓ ∈ S.
We compute the global root number w(E (±ℓ) /Q) = −1 and conclude that
Remark 2.2. Notice the two congruence conditions for ℓ ∈ S are both necessary for the conclusion: for example, we have r an (E (ℓ) ) = 2 for ℓ = 31 and r an (E (7ℓ) ) = 2 for ℓ = 5.
Example 2.3. Consider the elliptic curve
. It has j-invariant 8000 and CM by Q( √ −2). The imaginary quadratic field K = Q( √ −7) satisfies the Heegner hypothesis. The associated Heegner point y K = (0, 1) satisfies Assumption (⋆). The 2-isogenous curve is
) and Q( √ −N ) are linearly disjoint. Since there is no odd prime q||N , Theorem 1.7 implies that Silverman's conjecture holds for E.
In fact, the set S in this case consists of primes ℓ such that ℓ ≡ 1, 2, 4 (mod 7) and ℓ ≡ 3, 5 (mod 8): Computing the global root number gives
3. Proof of Theorem 1.4
3.1. Congruences between Heegner points. We first recall the main theorem of [KL16] .
Theorem 3.1. Let E and E ′ be two elliptic curves over Q of conductors N and N ′ respectively. Suppose p is a prime such that there is an isomorphism of semisimplified
ss for some m ≥ 1. Let K be an imaginary quadratic field satisfying the Heegner hypothesis for both N and N ′ . Let P ∈ E(K) and P ′ ∈ E ′ (K) be the Heegner points. Assume p is split in K. Then we have
| are even since the reduction mod ℓ map is injective on prime-to-ℓ torsion.
, we obtain the following mod 4 congruence
It follows that we have an isomorphism of G Q -representations
Now we can apply Theorem 3.1 to E ′ = E (d) , p = 2 and m = 2. By assumption, any prime ℓ|2N splits in K. By the definition of S, the prime ℓ = |d| splits in K. Notice the odd prime factors of N ′ = N (E (d) ) are exactly the odd prime factors of N d, thus K also satisfies the Heegner hypothesis for N ′ .
Let ℓ| gcd(N, N ′ ) be an odd prime. We have:
(1) if ℓ||N , then a ℓ (E), a ℓ (E (d) ) ∈ {±1} is determined by their local root numbers at ℓ. By the definition of N , we know that ℓ splits in Q( √ d), and hence E/Q ℓ and
Therefore M is divisible by all the prime factors of gcd(N, N ′ ). Notice the odd part of gcd(N, N ′ ) equals to the odd part of N , so the congruence formula in Theorem 3.1 implies
For ℓ = |d|, we have
by the definition of S. Now Assumption (⋆) implies that the left-hand-side of (1) is nonzero mod 4. Hence the right-hand-side of (1) is also nonzero. In particular, the Heegner point
is non-torsion, and hence r an (E (d) /K) = 1 by the theorem of Gross-Zagier [GZ86] and Kolyvagin [Kol90] , [Kol88] , as desired. 
Proof. Since E and E 0 are isogenous and ℓ is a prime of good reduction, we know that |E(
) and the kernel of the dual isogenyφ : E 0 → E), hence |E(F ℓ )| ≡ 0 (mod 4). We have shown that (1) is equivalent to (2).
Moreover, 
ℓ is split in Q( √ q) for any odd prime q||N .
By Lemma 4.1, we know T ⊆ S. For ℓ ∈ T , we consider d = ℓ * := (−1) (ℓ−1)/2 ℓ. By the quadratic reciprocity law, we know that odd q||N is split in Q( √ ℓ * ) if and only if ℓ is split in Q( √ q). In particular, for any ℓ ∈ T , we have ℓ * ∈ N . Now Theorem 1.4 implies that r an (E (ℓ * ) /K) = 1. Moreover, r an (E (ℓ * ) /Q) = 0, w(E (ℓ * ) /Q) = +1, 1, w(E (ℓ * ) /Q) = −1.
Since Q( √ ℓ * ) has discriminant coprime to 2N , we have the well known formula w(E (ℓ * ) /Q) = w(E/Q) · ℓ * −N .
By the quadratic reciprocity law, we obtain w(E (ℓ * ) /Q) = w(E/Q) · −N ℓ .
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By assumption, Q( √ −N) is also linearly disjoint from the fields considered above, hence the global root number w(E (ℓ * ) /Q) takes both signs for a positive proportion of ℓ ∈ T by Chebotarev's density. Therefore r an (E (ℓ * ) /Q) takes both values 0 and 1 for a positive proportion of ℓ ∈ T , as desired.
